Abstract. In this article we give an order-dividing bijective function between cyclic and non cyclic groups of finite order. In particular, we prove that there exists a bijective function from D2n to Z2n for any natural integer n; and from Zp × Z k to Z pk when p is an odd prime and k is not a multiple of p.
Introduction
The problem was proposed in The Kourovka Notebook No. 18 by I.M. Isaacs [8] . Frieder Ladisch proved it for solvable groups [7] . In [1] , an article was published proving that the order of the element from the non-cyclic group was greater than or equal to the order of the element from the cyclic group that it was mapped to.
Preliminaries
All the preliminary definitions and theorems can be found in any undergraduate Group Theory textbook. In particular, authors have referred [4] , [5] , and [6] . However, we recall following Theorem from [4] . Theorem 2.1. Let G be a cyclic group and a an element in G where o(a) = n. Let k ∈ N. Then o(a k ) = n gcd(n,k) .
Dihedral Groups
Definition 3.1.
[4] The dihedral group D 2n is defined as
Theorem 3.2. All elements of the form sr b , b ∈ Z n , are of order 2.
Proof. Let sr b be an element of the dihedral group of order 2n. It is clear that sr b ≠ 1, even if b = 0. The next smallest positive integer to check is 2.
Using the relation rs = sr −1 , we get
Using it again results in (sr b−2 )sr −1 r(r b−2 ). After a finite number of iterations, we finally get Consider the case when a = 0. All elements in this subset would be of the form s 0 r b = r b , where b belongs to Z n . Now f (r b ) = 2b. Thus we want to show that the order of r b divides the order of 2b. By Theorem 2.1,
Consider the case when a = 1. By Theorem 3.2, any element of the form sr b has an order of 2. The corresponding output of each element can be expressed as k + 2b. By Theorem 2.1,
.
Note that since k + 2b is odd, gcd(2n, k + 2b) must be an odd integer. Thus, gcd(2n, k + 2b) must divide n, so
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Conjecture 3.5. Given that f (s a r b ) = xa + yb is a order dividing bijective function where x, y ∈ Z, then f (s a r b ) = ya + xb is not a order dividing bijective function.
Direct Product Groups
Definition 4.1.
[4] The direct product G × H of the groups G, H with operation * , is the ordered pairs (g, h) where g ∈ G and h ∈ H with operation defined componentwise:
Here we restrict to the group Z n × Z m .
Theorem 4.2. [5]
If gcd(m, n) = 1, then Z n × Z m is cyclic and isomorphic to Z mn , and (1, 1) is a generator of Z n × Z m .
The structures of the bijective functions we've explored are exactly the same as the ones we used in the dihedral groups. The essential problem is to make sure the order of the inputs divide the order of the outputs. Note that order of any element (a, b) in Z n × Z m is lcm of o(a) and o(b). 
The corresponding elements in the co-domain are of the form k * 0 + pb = pb. Again, by Theorem 2.1 order of pb in Z kp 2 is
Since gcd(pb, kp 2 ) = p ⋅ gcd(b, kp), we get
Hence, order of (a, b) divides order of ka + pb.
Case II: a ≠ 0 Since a ≠ 0 ∈ Z p , gcd(a, p) = 1. Now consider the order of the element (a, b) in Z p × Z kp . Since gcd(a, p) = 1, p is the least positive number such that a p ≡ 0 mod p. Thus the order of (a, b) has to be a multiple of p. Now we have to find the least positive integer r such that b pr ≡ 0 mod kp. If b is a multiple of p, then finding the order of b in Z kp is equivalent to finding the order of b in Z k . Then by Theorem 2.1, the order of b is the same as
Since the order of (a, b) in Z p × Z kp has to be a multiple of p, and .
Since we assume that b is not a multiple of p, b must be relatively prime to p. Thus, gcd(b, pk) = gcd(b, k) and hence,
Now consider the corresponding output, ka + pb. We know that
so by Theorem 2.1,
gcd(kp 2 , ka + pb) .
Since gcd(a, p) = 1 and gcd(k, p) = 1, we know that gcd(ka, p) = 1. Thus, gcd(kp 2 , ka + pb) = gcd(k, ka + pb) = gcd(k, pb) = gcd(k, b)
Therefore, the order of ka + pb in Z kp 2 is o(ka + pb) = kp
Hence, the order divides.
Remark 4.4. This theorem can in fact be extended to include more bijective functions by adding a coefficient m to the product ka in ka + pb to get mka + pb. The only restriction that needs to be added is that gcd(m, p) = 1.
